Quaternionic pryms and Hodge classes  by van Geemen, B. & Verra, A.
Topology 42 (2003) 35–53
www.elsevier.com/locate/top
Quaternionic pryms and Hodge classes
B. van Geemena ; ∗, A. Verrab
aDepartment of Mathematics, University of Milano, Via Cesare Saldini 50, 20133 Italy
bDipartimento di Matematica, Universita di Roma 3, Largo San Leonardo Murialdo 1 I-00146 Roma, Italy
Received 14 May 2001; accepted 26 September 2001
Abstract
Abelian varieties of dimension 2n on which a de.nite quaternion algebra acts are parametrized by sym-
metrical domains of dimension n(n− 1)=2. Such abelian varieties have primitive Hodge classes in the middle
dimensional cohomology group. In general, it is not clear that these are cycle classes. In this paper we show
that a particular 6-dimensional family of such 8-folds are Prym varieties and we use the method of Schoen
to show that all Hodge classes on the general abelian variety in this family are algebraic. We also consider
Hodge classes on certain 5-dimensional subfamilies and relate these to the Hodge conjecture for abelian 4-folds.
? 2002 Published by Elsevier Science Ltd.
In this paper we study abelian varieties of dimension 8 whose endomorphism ring is a de.nite
quaternion algebra over Q, we refer to these as abelian 8-folds of quaternion type. Such abelian
varieties are interesting since their Hodge rings are not generated by divisor classes [18] and the
Hodge conjecture is still open for most of them. The moduli space of 8-folds of quaternion type, with
.xed discrete data, is 6-dimensional. One such moduli space was investigated recently by Freitag
and Hermann [8]. In [13] a 6-dimensional family of K3 surfaces is studied whose Kuga–Satake
varieties have simple factors of dimension 8 which are of quaternion type.
Our .rst result, in Section 3, is that one of these moduli spaces parametrizes Prym varieties
of unrami.ed 2:1 covers C˜ → Cˆ, actually the genus 17 curves C˜ are 8:1 unrami.ed covers of
genus 3 curves with Galois group Q generated by the quaternions i and j. Results of Schoen [19]
on cycles on Prym varieties imply that the Hodge conjecture holds for the general quaternionic
8-fold in this family, see Corollary 4.10. Previously, Abdulali [1] showed the Hodge conjecture
for certain 3-dimensional families of quaternionic 6-folds using results on Pryms of cyclic 3:1
covers.
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The remainder of the paper is devoted to the relation between the Hodge cycles on a quaternionic
8-fold and on a self-product of an abelian 4-fold of Weil type. This is inspired by Schoen’s paper
[20] and by the fact that the Hodge conjecture for all abelian 4-folds follows if for all abelian 4-folds
of Weil type the Weil classes are classes of algebraic cycles [16]. We recall the de.nition of these
varieties and classes in Section 4.
The self-product of an abelian variety of Weil type is of quaternion type. Our Proposition 5.3
shows that the exceptional Hodge classes on a general quaternionic variety specialize to classes of
intersections of divisors on a self-product. This is unfortunate, since till now nothing is known about




In the last section we study certain 5-dimensional families of 8-folds of quaternion type, called
abelian varieties of spin(7) type. We show that the Hodge (2; 2)-conjecture for the general member of
such a family implies the Hodge conjecture for in.nitely many (4-dimensional) families of abelian
varieties of Weil type with .eld K where K can be any sub.eld of the quaternion algebra. We
hope to identify such 5-dimensional families explicitly (in terms of the Prym construction) and to
investigate the Hodge (2; 2) conjecture for the corresponding Pryms in the future.
1. Quaternionic covers
1.1. Denitions. A de.nite quaternion algebra F over Q is a skew .eld with center Q; of dimension
4 over Q; such that F ⊗Q R is isomorphic to the skew .eld of Hamilton’s quaternions. It is well
known that one can .nd elements i; j; k ∈F such that
F =Q+Qi +Qj +Qk; i2 = r; j2 = s; ij =−ji = k with r; s∈Q¡0:
Such a quaternion algebra has a canonical (anti-)involution; it acts as
x = a+ bi + cj + dk → Kx = a− bi − cj − dk; xy = Ky Kx:
The quaternion algebra over Q with r = s=−1 will be denoted by HQ. The quaternion group Q is
the following subgroup of order 8 of H∗Q :
Q = {±1;±i;±j;±k}; (±i)2 = (±j)2 = (±k)2 =−1; ij =−ji = k:
1.2. Quaternionic covers. There exists a moduli space Mg;Q of unrami.ed Galois covers C˜ → C of
a genus g curve C; de.ned over C; with Galois group Q; (cf. [17; Chapter 5]). We will show that
Mg;Q is irreducible.
Let C be a smooth, irreducible genus g curve, de.ned over C. A quaternionic cover  : C˜ → C
de.nes a normal subgroup N :=∗1(C˜) of 1(C) and 1(C)=N ∼= Q. Conversely, a normal subgroup
N of 1(C) with 1(C)=N ∼= Q de.nes a quaternionic cover:
N \Cuniv → C;
where Cuniv is the universal cover of C. Since there exist surjective homomorphisms 1(C) → Q,
there is a surjective map Mg;Q →Mg where Mg is the moduli space of genus g curves. This map
is .nite since there the number of surjective homomorphisms 1(C)→ Q is .nite (in fact, 1(C) is
.nitely generated).
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Proposition 1.4 shows that, up to automorphisms of 1(C), there is only one subgroup de.ning
a quaternionic cover. Standard monodromy arguments then imply that the moduli space Mg;Q is
irreducible.
1.3. The fundamental group of a genus g curve is the quotient of the free group F2g generated by
a1; : : : ; ag; b1; : : : ; bg by the normal subgroup generated by the relation R=[a1; b1] : : : [ag; bg]. Let Ag be
the subgroup of Aut(F2g) of automorphisms which map R to a conjugate of itself; there is a natural
map Ag → Aut(1(C)). The mapping class group g is the quotient of Ag by inner automorphisms
of 1(C).
1.4. Proposition. Let N ⊂ 1(C) be a normal subgroup such that 1(C)=N ∼= Q. Then there exists
an automorphism  ∈Ag such that
N = ker(f ◦  :1(C)→ Q)
with f the homomorphism:
f :1(C)→ Q; f(g−1) = i; f(g) = j; f(i) = f( j) = 1
for all i and j with 16 i6 g − 2 and 16 j6 g where j;  j are generators of 1(C) satisfying
[1;  1] : : : [g;  g] = e.
Proof. The composition
1(C)→ 1(C)=N ∼= Q → Q={±1} ∼= (Z=2Z)2
factors over H1(C;Z=2Z) and the group Ag maps onto the symplectic group (w.r.t. the intersection
form) of this F2-vector space. Therefore there is a  ∈Ag such that N = ker(g ◦  ) with a homo-
morphism g :1(C)→ Q given by g(g)= j and either g(g−1)= i (and g maps the other generators
to {±1}) or g( g) = i (and g maps the other generators to {±1}). However; if g( g) = i then
[g;  g] =−1 whereas [i;  i] = 1 for i¡g; which contradicts the relation R. Therefore g(g−1) = i.
It remains to show that, using elements of Ag, we may assume that g maps the other generators
to +1. If g( g)=−1, then we apply the automorphism  g →  g2g (and .xing the other generators),
similarly if g( g−1) =−1.
If for i¡g− 1 we have g(i) =−1 or g( i) =−1, we use the automorphism in Ag which .xes
all generators except i which is mapped to i → i i and=or the automorphism in Ag which .xes
all generators except  i which is mapped to  ii to obtain a homomorphism which maps i → −1,
 i → 1.
Thus we are reduced to the case of a homomorphism f :1(C) → Q which is trivial on the  i,




i → k+1i−1k+1; k → k+1k ; k+1 →  kk+1 −1k ;
 i → k+1 i−1k+1;  k →  k;  k+1 → k+1 k+1−1k+1 −1k ;
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where 16 i6 g and i = k; k + 1. It is easy to see that  k is an automorphism of the free group
generated by the j and  j, and since  k([i;  i]) = k+1[i;  i]−1k+1 and
 k([k ;  k]) = k+1[k ;  k] k−1k+1 
−1
k ;  k([k+1;  k+1]) =  kk+1 
−1
k [k+1;  k+1]
−1
k+1;
it follows that  k(R)=k+1R−1k+1, hence  k ∈Ag. Note that (f◦ k)( i)=1 for all i and k. Moreover,
(f◦ 2g−2)(g−2)=−f(g−2) and f◦ 2g−2 has the same value as f on the other generators. Similarly,
for k ¡g−2, we have (f◦ k)(k)=f(k)f(k+1)=±f(k) and f◦ k has the same value on the other
generators. Therefore, composing f with a suitable composition of  k’s we get the homomorphism
as desired in the proposition.
1.5. Corollary. The moduli space Mg;Q of quaternionic covers is irreducible.
Proof. Recall that the TeichmMuller space Tg parametrizes genus g curves with a set of standard
generators of 1(C). The group g acts on Tg and Mg = g \Tg. Proposition 1.4 shows that the
map
Tg →Mg;Q; [C; {1; : : : ;  g}] → [(kerf) \ Cuniv → C];
where f is as in the proposition; is surjective; hence Mg;Q is irreducible.
1.6. Construction of quaternionic covers. For completeness sake we brieNy indicate how one can
construct quaternionic covers of an algebraic curve C of genus g¿ 1. By Corollary 1.5; any quater-
nionic cover arises in this way.
Choose an Oetale double cover  :C → C of degree 2 with covering involution $. Let %∈Div(C)
be a divisor such that 4% ≡ 0 and % + $∗% ≡ 0 and let h∈ k(C), the function .eld of C, have
divisor (h) = % + $∗%. Then $∗h = ±h and we claim that, changing maybe %, we may assume that
$∗h=−h.
To prove the claim we choose )∈Div(C) such that 2) ≡ , a divisor of order 2 in Pic(C) which
de.nes C. Then ∗) has order two in Pic(C) and $∗∗)= ∗) whence $∗∗)+ ∗) ≡ 0. Therefore,
there is a rational function g∈ k(C) with (g) = $∗∗) + ∗) and $∗g = −g since the divisor of g
is invariant under $∗ but g ∈ ∗k(C) (⊂ k(C)). Now in case $∗h = h, we let %′:=% + ∗). Then
4%′ ≡ 0, %′ + $∗%′ = (gh) ≡ 0 and moreover $∗(gh) =−gh which proves the claim.
Now consider the cover C˜ of C which is de.ned by the .eld k(C˜):=k(C)[T ]=(T 4 − f) where
f∈ k(C) is such that (f) = 4%. Thus C˜ is an Oetale 4:1 cover of C. We claim that the Oetale cover
C˜ → C is quaternionic.
To see this, let t:=T + (T 4 − f)∈ k(C˜) and de.ne
$˜∗ : k(C˜)→ k(C˜); $˜∗(t) = h
t
; $˜∗|k(C) = $
∗
 :
Then $˜∗ is an automorphism of k(C˜) which lifts $∗ since f$∗f = h4 implies
$˜∗(t4 − f) = $˜∗(t)4 − $∗f = (h=t)4 − $∗f = h4=f − $∗f = 0:
The order of the automorphism $˜∗ is 4 since
$˜∗($˜∗(t)) = $˜∗(h=t) = $˜∗(h)t=h=−t:
Any other lift of $∗ is given by t → iah=t for a= 1; 2; 3 (and i2 =−1) hence all lifts of $∗ to k(C˜)
have order 4 and therefore the cover C˜ → C is quaternionic.
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2. Quaternionic Pryms
2.1. Quaternion type. We consider triples (A; E; F) where A is an abelian variety; E ∈H 2(A;Z) is a
polarization on A and F is a de.nite quaternion algebra over Q.
A polarized abelian variety with endomorphism structure F is a triple (A; E; F) endowed with an
embedding F ⊂ End(A)⊗Q satisfying
$E(x) = Kx ∀x∈F:
Here $E is the Rosati involution on End(A)⊗Q de.ned by E and x → Kx is the canonical involution
on F , [14, Section 9.1]. Such a triple (A; E; F) will be called a polarized abelian variety of quaternion
type.
2.2. Moduli. Let now (A; E; F) be a polarized abelian variety of quaternion type; and let dim A=2n.
The deformations of A which have the same endomorphism ring and polarization are parametrized
by a symmetric space which has dimension n(n− 1)=2 (cf. [14; Section 9.5]).
2.3. Quaternionic covers. Let C˜ → C be a quaternionic cover of a genus g curve C. The Zeuthen–
Hurwitz formula shows that the genus of C˜ is 8g− 7. The quotient of C˜ by {±1} ⊂ Q is a curve
of genus 4g− 3; denoted by Cˆ.
C˜ 2:1→Cˆ = C˜={±1}4 :1→C:
The Prym variety
P:=Prym(C˜=Cˆ)
is a principally polarized abelian variety [14; Section 12.3]. The following proposition shows that P
is of quaternion type; and we will say that P is a quaternionic Prym.
2.4. Proposition. The Prym variety P:=Prym(C˜=Cˆ) is a 4(g−1)-dimensional principally polarized
abelian variety of quaternion type for the algebra HQ.
Proof. The dimension of P is 8g− 7− (4g− 3) = 4(g− 1) and Pryms of unrami.ed double covers
are principally polarized. The group Q has 5 irreducible complex representations; 4 of which are
1-dimensional; these factor over Q={±1} ∼= (Z=2Z)2; and one is faithful and has dimension 2. The
group ring Q[Q] is isomorphic to Q4 ⊕HQ. By de.nition of the Prym; −1∈Q acts as −1 on the
tangent space T0P hence H1(P;Q) is a HQ-vector space. Let ∈{i; j; k} ⊂ Q; then ∗ ∈Aut(P)
and thus E(∗x; ∗y) = E(x; y) for all x; y∈H1(P;Q) where E ∈ ∧2 H 1(P;Q) is the polarization
on P. Since the Rosati involution . → .′ is characterized by E(.x; y) = E(x; .′y) and 2 = −1
we conclude that ′ = −∗. As (a. + b )′ = a.′ + b ′ for a; b∈Q and .;  ∈End(P); the Rosati
involution induces the canonical involution on HQ.
2.5. We determine the homomorphism
Q → Aut(H1(P;Z)) ∼= Sp(4(g− 1);Z):
The period matrices which correspond to quaternionic Pryms are contained in the .xed point set of
the action of Q (via the symplectic group) on the Siegel upper half space. To do this we introduce
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the ring
HZ:={a+ bi + cj + dk ∈HQ : a; b; c; d∈Z}
and the HZ-module (actually itself a ring; the ring of Hurwitz integers)
M :={a2+ bi + cj + dk ∈HQ : a; b; c; d∈Z} with 2= (1 + i + j + k)=2:
The HZ-module M is not free since there is no m∈M such that m; im; jm; km are a Z-basis of M;
in fact; (1 + i + j + k)m is divisible by 2 in M for any m∈M .
2.6. Proposition. The period lattice of a quaternionic Prym of dimension 4(g − 1) is isomorphic
to the HZ-module:
3 ∼= (M ⊕Hg−2Z )2:
Proof. We consider .rst the case that C has genus two; we may assume that the cover C˜ → C is
de.ned by ker(f) with f as in Proposition 1.4. Let X be the union of two circles with a point x0
in common; note that 1(X ) is a free group on two generators. We can view C as the boundary of
a tubular neighbourhood of X and we may assume that the contraction C → X maps 1; 2 ∈ 1(C)
homeomorphically onto the two circles. Then  : C˜ → C is the pull-back of a cover p : X˜ → X .
Choosing a base point x˜0 ∈p−1(x0); we can identify Q  p−1(x0) via g → [g]:=g · x˜0. As f(1)= i;
f(2)=j; the 8 distinct lifts of the .rst circle are paths in X˜ connecting the points g and ig; whereas
the lifts of the second circle connect g and jg. In particular; X˜ is a simplicial complex with vertices
[g]; g∈Q; and edges [g; ig] and [g; jg]. Let
c = [1; i] + [i;−k] + [− k;−j] + [− j; 1] + [− i;−1] + [− 1; j] + [j; k] + [k;−i]:
Then one easily veri.es that the subgroup V− of H1(X˜ ;Z) generated by the cycles c; ic; jc and 2c
is a direct summand of H1(X˜ ;Z). In particular; V− ∼= M . Since −1∈Q acts as −1 on V−; we may
identify M with a direct summand of H1(P;Z) ⊂ H1(C˜;Z) via the contraction C˜ → X˜ . Note that
the intersection pairing is trivial on V− × V−.
The inverse image of an open edge e0 ⊂ X˜ is a cylinder S1 × ]0; 1[ in C˜ and we de.ne
be ∈H1(C˜;Z) to be the homology class of the loop S1×{1=2}. The subgroup H1(P;Z) of H1(C˜;Z)
on which −1∈Q acts as −1 is the direct sum of V− and a subgroup of
∑
Zeb. Hence g∈Q acts
on H1(P;Z) via diagonal block matrices diag(A(g); B(g)), using the intersection pairing one has that
B(g) =t A(g)−1 and A(g)∈GL(4;Z). Therefore, H1(P;Z) ∼= M ⊕M .
In the case g(C) = g¿ 2 we obtain C as a genus two surface, containing the loops g−1 and g,
with g− 2 tori T1; : : : ; Tg−2 attached. The inverse image of Ti in C˜ is the disjoint union of 8 copies
of Ti which are permuted under the action of Q. From this one .nds the description given in the
proposition.
3. The Prym map is surjective in genus three
3.1. A quaternionic cover of a genus three curve produces an 8-dimensional quaternionic Prym.
These Pryms are parametrized by a 6-dimensional symmetrical subdomain of the Siegel space; see
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Section 2.2. We will show in this section that the locus of such quaternionic Pryms has dimension
6; hence the general principally polarized quaternionic 8-fold in this family is a quaternionic Prym.
In Section 3.2 we show that it suQces to prove that a certain multiplication map 92 is surjective
and that is established in Theorem 3.6.
3.2. Let Ag be the moduli space of principally polarized abelian varieties of dimension g and let Rg
be the moduli space of Oetale double covers of genus g curves; (cf. [4]). There is a natural morphism
rg :Mg;Q → R4g−3; [C˜ → C] → [C˜ → Cˆ];
which associates to the quaternion cover C˜ → C the Oetale double cover C˜ → Cˆ. The Prym map is
de.ned as
p :Rg →Ag−1; [C˜ → Cˆ] → Prym(C˜=Cˆ):
We want to show that the map
q= p ◦ r :M3;Q →A8; [C˜ → C] → P = Prym(C˜=Cˆ)
has 6-dimensional image, here r= r3 :M3;Q → R9 and p :R9 →A8 is the Prym map. The map r is
quasi-.nite onto its image: the curve Cˆ comes with a .xed point free (Z=2Z)2-action with quotient
C, as the automorphism group of a curve of genus at least 2 is .nite, a given Cˆ is in the image of
at most a .nite number of points in M3;Q.
Therefore it suQces to show that the diRerential of the Prym map p has maximal rank at a point
c=[; : C˜ → Cˆ] in the image of r. Let %∈Pic0(Cˆ)[2] be the order two line bundle de.ning ;. After
adding level structures if necessary, the codiRerential of p
(dpc)∗ :T ∗p(c)A8 ∼= S2H 0(!Cˆ ⊗ %)→ T ∗c R9 ∼= H 0(Cˆ; !⊗2Cˆ )
is the multiplication map 92 : S2H 0(!Cˆ⊗%)→ H 0(!⊗2Cˆ ). The sheaf !Cˆ⊗% is called the Prym-canonical
line bundle. So we need to show that 92 is surjective for some point in the image of r.
3.3. Lemma. There exist quaternionic covers C˜=C in M3;Q such that
1. The genus 9 curve Cˆ= C˜={±1} is the complete intersection of a smooth quadric S and a quartic
surface in P3.
2. Let L be the line bundle on Cˆ which de9nes this map Cˆ → P3. Then L is a theta characteristic
on Cˆ (so L⊗2 ∼= !) and h0(L) = 4.
3. Let =:=L ⊗ % where %∈Pic0(Cˆ)[2] is the line bundle de9ning the 2:1 cover C˜=Cˆ. Then = is a
theta characteristic on Cˆ and h0(=) = 0.
4. The Prym canonical line bundle !Cˆ ⊗ % ∼= L⊗ = is very ample on Cˆ.
Proof. Consider the genus two curve X de.ned by y2 = x5− x. We have Q ⊂ Aut(X ); for example;
i; j :X → X; i(x; y):=(−x; iy); j(x; y):=(x−1; iyx−3):
We will show that there are curves C˜ ⊂ J (X ) which are invariant under Q such that the quotient
map C˜ → C:=C˜=Q is unrami.ed and such that C has genus three. Thus the cover C˜=C is in the
family under consideration and we verify the lemma for these curves. For such a curve C˜; the curve
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Cˆ= C˜={±1} lies in the Kummer surface K(X )= J (X )=±1. If ? ⊂ J (X ) is (any) symmetrical theta
divisor; the map K(X ) ⊂ P3 given by H 0(J (X );O(2?)) identi.es K(X ) with a (16-nodal) quartic
surface.
The Kummer surface K(X ) ⊂ P3 is also the image of the secant variety Sec(X ) to the tricanonical
curve X ⊂ P4 under the map given by the quadrics in the ideal of X , this follows from [5, Lemma
4.22(1)] (this part of the lemma works for hyperelliptic curves), see also [11, Section 5] (with
D = K , the canonical system) for another proof. Using the isomorphism
〈1; x; x2; x3; y〉 ∼= H 0(!⊗3X ); f → fy−3(dx)⊗3;
one .nds that Q acts on P4 via
i(x0 : : : : : x4) = (x0 : −x1 : x2 : −x3 : ix4); j(x0 : : : : : x4) = (x3 : x2 : x1 : x0 : ix4):
The ideal of the tricanonical curve X ⊂ P4 is generated by the 4 quadrics:
Q0 = x24 + x0x1 − x2x3; Q1 = x0x2 − x21 ; Q22 = x0x3 − x1x2; Q3 = x1x3 − x22;
thus, the rational map P4 → P3 given by x → (Q0(x) : : : : : Q4(x)) maps Sec(X ) onto K(X ).
The degree four polynomials Q20, Q
2




3 are invariant under Q and their common
zeroes are just the points of X ⊂ P4, in particular, they are not all zero on a secant line. Therefore,
a general linear combination of these quartic polynomials de.nes a smooth, irreducible Q-invariant
divisor C˜ on J (X ) which does not contain any .xed point of any non-trivial element of Q. Hence
C˜ → C:=C˜=Q is a quaternionic cover.
Since C˜ ∈ |4?|, the adjunction formula shows that !C˜ is the restriction of OJ (X )(4?) to C˜ and
thus C˜ has genus 17. Moreover, C˜ has an even theta characteristic L˜ which is the restriction of
OJ (X )(2?) to C˜. The exact sequence
0→ OJ (X )(−2?)→ OJ (X )(2?)→ L˜ → 0
shows that h0(L˜) = h0(O(2?)) = 4. Since 2? de.nes the map J (X ) → K(X ) ⊂ P3 which induces
the cover  : C˜ → Cˆ, we have L˜= ∗L for a theta characteristic L on Cˆ with h0(L) = 4. As
H 0(C˜; L˜) ∼= H 0(Cˆ; L)⊕ H 0(Cˆ; L⊗ %);
we get h0(=) = 0 since == L⊗ %.
To see that L⊗ = is very ample, consider the minimal desingularization ; :K → K(X ) of K(X ).
Let E be the exceptional divisor and let D be the pull-back of a plane. It turns out that
OK(4D − 12 E)
is very ample and that its restriction to the pull-back of C is H , cf. [3].
3.4. Remark. One can show that a genus 9 curve Cˆ which is a (Z=2Z)2-cover of a genus 3 curve C
has a theta characteristic L with h0(L)=4. The bundle L is the pull-back of an odd theta characteristic
on C. The map Cˆ → |L|∗ embeds the general such Cˆ as a complete intersection of a smooth quadric
and a quartic surface.
3.5. From now on we write C for the genus 9 curve Cˆ as in Lemma 3.3. We denote the Prym-
canonical line bundle on C by H :
H = !C ⊗ % ∼= L⊗ =:
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Since H ∼= !C; we have h1(H) = 0; hence H is nonspecial. Moreover; H 0(H ⊗ L∗) = H 0(=) = 0. It
follows from the previous lemma that
C ⊂ S = P1 × P1; L= OC(1; 1);
where S is a smooth quadric and C has type (4; 4). The surjectivity of 92 will be a consequence;
for n= 4; of the following more general statement about curves of type (n; n) in P1 × P1.
3.6. Theorem. Let C be any smooth element of |OS(n; n)| and let L= OC(1; 1). Assume
H ∈Picn2(C)
is a nonspecial and very ample line bundle such that h0(H ⊗ L∗) = 0.
Then for all d¿ 1 the multiplication maps
9d : SymdH 0(H)→ H 0(H⊗d)
are surjective, i.e. H is normally generated.
Proof. Since C has genus (n− 1)2 and H has degree n2 with h1(H)= 0; Riemann-Roch shows that
h0(H) = 2n. As H is very ample; we can assume
C ⊂ P2n−1
with OC(1) ∼= H . Let IC be the ideal sheaf of C in P2n−1. It is easy to check that





and that the equality holds iR 92 is surjective.
Let L1 = OC(1; 0), L2 = OC(0; 1) then L= L1 ⊗ L2. We observe that for any divisor
di ∈ |Li| (i = 1; 2);
the linear span
〈di〉 (⊂ P2n−1)
is a space of dimension n− 1. If not, d1 + d2 would be contained in a hyperplane P and we would
have P ·C =d1 +d2 + t with t eRective. This contradicts our assumptions, because OC(t) ∼= H ⊗L∗.
Using the same proof we can show that
〈d1〉 ∩ 〈d2〉
is either empty or a point of C. Assume Suppd1∩Suppd2 is empty, then the proof is exactly
the same. Assume Suppd1∩Suppd2 is non-empty, then it consists of one point p and moreover
Supp(d1−p)∩Supp(d2−p) is empty. If 〈d1〉∩〈d2〉=p we are done. Otherwise there exists a pencil
of hyperplanes containing d1 + d2 − p. Hence there exists a hyperplane P as above: contradiction.
Let @i be the union of the spaces 〈di〉, where di varies in |Li|, then
C = @1 ∩ @2:
The variety @i is well known: it is an example of rational normal scroll of P2n−1. A rational normal
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where a1 + · · · + ak = r + 1 − k and as¿ 0. In particular, V has dimension k and minimal degree
r + 1− k with respect to the dimension. It is known that V is arithmetically Cohen–Macaulay and
that its homogeneous ideal
IV ⊂ B= C[X0; : : : ; Xr]
is generated by quadrics. Moreover, V is a determinantal variety and a basis for the vector space
IV (2) is given by the order two minors, denoted by
q1; : : : ; qN
of a 2 × k matrix of linear forms (cf. [2, pp. 95–100]). In the case of @i we have k = n so that
deg@i = dim@i = n. Note that
(i) C is smooth of degree n2,
(ii) codimC = codim@1 + codim@2,
(iii) C = @1 ∩ @2.
This implies that @1 and @2 intersect transversally at each point and that C is scheme theoretically the
intersection of @1 and @2. Moreover, the depth of C, as a subscheme of @1, equals its codimension
in @2, which is n − 1. (We recall that, by de.nition, the depth of a closed subscheme Y in X is
the largest integer d such that, for all x∈Y , the ideal of Y in the local ring OX;x contains a regular
sequence of length d: see [6, 14.3.1, p. 251].)
The ideal I@2 admits a minimal free resolution (F∗) → I@2 of the same length n − 1. As is well
known such a resolution looks like
0→ Fn−1 → · · · → F1 → I@2 → 0;
where F1 is the direct sum of (
n
2) copies of B(−2) and the map F1 → I@2 is de.ned by the previously
considered minors q1; : : : ; qN . Let
J ⊂ A= B=I@1
be the homogeneous ideal of C in @1. We claim that the tensor product (F∗)⊗BA yields a resolution
of J . This is true because the length of (F∗) and the depth of C in @1 are the same. Indeed, under
this assumption, we are in the case considered in [6, Example 14.3.1, p. 252]. Our claim follows
from the property stated there or from [12, Corollary 8].
Let IC be the homogeneous ideal of C in P2n−1 and let q∈ IC(2). Due to our previous claim, q is
a linear combination of elements of I1(2) and I2(2). Hence we have dim IC(2)6 2(
n
2). On the other
hand, we had dim IC(2)¿ 2(
n
2) so that the equality holds. Hence 92 is surjective and this implies
that 9d is surjective for all d¿ 2 (cf. [2, D.6, p. 140]).
3.7. Remark. Let g be the genus of C; then g = (n − 1)2 and the line bundle H ⊗ L∗ lies in
Picg−1(C). It can be shown that the assumptions of the theorem are satis.ed on a non-empty open
set of Picg−1(C).
Conversely, every transversal intersection of two rational normal scroll of dimension n in P2n−1
admits a natural embedding in P1 × P1 as a smooth curve of type (n; n).
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4. Weil classes and quaternion classes
4.1. We recall a result of Abdulali [1] which relates the Hodge conjecture for abelian varieties of
Weil type to the Hodge conjecture for quaternionic abelian varieties. From Schoen’s construction of
cycles on Prym varieties and our previous results; the Hodge conjecture for the general quaternionic
Prym studied in this paper then follows; see Corollary 4.10.
4.2. Abelian varieties of Weil type. For an imaginary quadratic .eld K we denote by x → Kx the
non-trivial .eld automorphism of K . The complex embeddings K ⊂ C are denoted by ; and K;; note
;( Kx) = K;(x).
A polarized abelian variety (A; E) of dimension 2n is of Weil type, with .eld K , if there is
an inclusion K ⊂ End(A) ⊗ Q such that H1(A;Q) is a K-vector space and if the eigenvalues of
any x∈K on the holomorphic tangent space T0A to A at the origin are ;(x) and K;(x) each with
multiplicity n. Moreover, one requires that x∗E = x KxE.
4.3. Weil classes. We recall the de.nition of the space of Weil classes WK ⊂ H 2n(A;Q) for an
abelian variety A of Weil type of dimension 2n with .eld K .
For an embedding E of K into C we let VE ⊂ H 1(A;C) be the corresponding eigenspace, so
x · v= E(x)v for x∈K and v∈VE:
H 1(A;Q)⊗Q C ∼= H 1(A;C) = ⊕
E∈{;; K;}
VE; dimC VE = 2n:
Since A is of Weil type, the Hodge decomposition induces a decomposition
VE = V 1;0E ⊕ V 0;1E ; dimC V 1;0E = dimC V 0;1E = n (E∈{;; K;}):
It is easy to see that the 1-dimensional subspaces ∧2nV; and ∧2nV K; of H 2n(A;C) are of Hodge
type (n; n) and that they are the eigenspaces in H 2n(A;C) on which x∈K acts as ;(x)2n and K;(x)2n.
This implies that their sum is de.ned over Q. In fact, for x∈K , the polynomial f:=(T−;(x)2n)(T−
K;(x)2n) has coeQcients in Q, let f = T 2 + aT + b. The kernel Wx of the linear map
Wx = ker(x2 + ax + b :H 2n(A;Q) = ∧2nH 1(A;Q)→ ∧2nH 1(A;Q))
(induced by x2 +ax+b∈End(H 1(A;Q))) is the subspace of ∧2nH 1(A;Q) on which the eigenvalues




Wx; WK ⊗Q C= ∧2nV; ⊕ ∧2nV K;:
The subspace WK is also a subHodge structure since each x∈K preserves the Hodge structure on
H 1(A;Q) and, as we observed before
WK ⊗ C= ⊕
E∈{;; K;}
∧2n VE = ⊕
E∈{;; K;}
∧n V 1;0E ⊗ ∧nV 0;1E ⊂ Hn;n(A);
hence WK ⊂ Hn;n(A). Thus we have a 2-dimensional subspace WK ⊂ H 2n(A;Q) ∩ Hn;n(A), which
is the space of Weil classes. (To see that this is the space de.ned by Weil in [21], note that
the subspace ∧2nK H 1(A;Q) is contained in H 2n(A;Q) and that x∈K has eigenvalues E(x)2n on this
subspace.)
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4.4. Hodge classes. For a general 2n-dimensional polarized abelian variety (A; E) of Weil type (i.e.
Hod(A)(C) ∼= SL(2n;C)) one has [9; Theorem. 6.12]
Bn(A) ∼= 〈∧nE〉 ⊕WK; Bi(A) = 〈∧iE〉 (i = n);
where Bn(A) is the group of Hodge cycles; i.e. Bn(A) = H 2n(A;Q) ∩ Hn;n(A).
4.5. Lemma. Let (A; E; F) be an abelian variety of quaternion type. Let K ⊂ F be a quadratic
extension of Q. Then A is of Weil type for K.
Proof. A more general statement is proved in [1; Section 4]. Since F is de.nite; K ⊂ F must be
an imaginary quadratic .eld. Moreover; there is a j∈F such that F =K ⊕Kj and xj= j Kx for x∈K .
Hence the eigenspaces of x are permuted by the action of j on T0A and therefore they have the
same dimension.
4.6. Quaternion classes. Let F be a de.nite quaternion algebra over Q and let K ⊂ F be an
(imaginary) quadratic sub.eld. Let A be a 2n-dimensional abelian variety of quaternion type with
algebra F . We de.ne the subspace WF ⊂ H 2n(A;Q) as the subspace spanned by the translates x ·WK;
where x runs over F and WK is the space of Weil classes for the .eld K .
4.7. Proposition. The de9nition of WF does not depend on the choice of K ⊂ F and
WF ⊂ H 2n(A;Q) ∩ Hn;n(A); dimQ WF = 2n+ 1:
Proof. Since HQ ⊗Q C ∼= M2(C) we have (F ⊗ C)∗ ∼= GL2(C) and this group acts on each
∧kH 1(A;C). The space H 1(A;C) ∼= V 2n where V is the standard 2-dimensional representation of
GL2(C). If vi denotes a highest weight vector in the ith copy of V then v1 ∧ · · · ∧ v2n is a highest
weight vector in ∧2nV 2n and the multiplicity of the corresponding weight is one. Hence ∧2nH 1(A;C)
has a unique irreducible summand of dimension 2n+ 1 denoted by V2n+1.
Let K ⊂ F be a quadratic sub.eld, then (K⊗C)∗ ∼= (C∗)2 and this is a Cartan subgroup of GL2(C).
Since x∈K has eigenvalues ;(x); K;(x) on V , it has eigenvalues ;(x)2n, ;(x)2n−1 K;(x); : : : ; K;(x)2n
on V2n+1. In particular, WK ⊗ C ⊂ V2n+1. The uniqueness and irreducibility of V2n+1 imply that
WF ⊗C=V2n+1, hence WF does not depend on K and has dimension 2n+1. That WF ⊂ Hn;n(A) is
obvious since WK ⊂ Hn;n(A) and elements from F preserve the Hodge structure on H 2n(A;Q).
4.8. Quaternion Hodge classes. For a general polarized 2n-dimensional abelian variety (A; E) of
quaternion type (i.e. Hod(A)(C) ∼= SO(2n;C)) one has [1; Theorem 4.1]
Bn(A) ∼= 〈∧nE〉 ⊕WF; Bi(A) = 〈∧iE〉 (i = n):
4.9. Corollary (Abdulali [1]): Let (A; E; F) be an abelian variety of quaternion type. Assume there
is a quadratic sub9eld K ⊂ F such that the space of Weil classes WK is spanned by cycle classes.
Then the space of quaternionic classes WF is spanned by cycle classes.
Proof. This follows from the fact that WF is spanned by the translates of WK by elements of
F ⊂ End(A).
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4.10. Corollary. Let C˜ → C be a quaternionic cover of a genus g curve C and let (P; E; F =HQ)
be the associated quaternionic Prym as in Section 2.3. Then the subspace WF ⊂ H 4(g−1)(P;Q) is
spanned by cycle classes.
Proof. Let K = Q(i) ⊂ HQ; and consider the 4:1 unrami.ed cover i : C˜ → C˜=〈i〉. By Schoen’s
result [19]; applied to the cover i; the space of Weil classes WK ⊂ H 4(g−1)(P;Q) is spanned by
cycle classes. Now apply Corollary 4.9.
5. Specialization of quaternion classes
5.1. We study the space of quaternionic classes WF ⊂ H 2n(A) in the case that the quaternionic
variety A is a self-product B2 of an abelian n-fold of Weil type B. The result is disappointing: the
classes in WF specialize to complete intersections of divisors on B2. In particular; even if the classes
in WF are known to be cycle classes; one does not obtain new cycle classes on B2.
5.2. Let K ⊂ F be an imaginary quadratic sub.eld of a de.nite quaternion algebra F over Q. Let A
an abelian variety of quaternion type with algebra F which is isogenous to B2; where B is of Weil
type with End(B)Q ∼= K . Then we have
End(A)Q =M2(K) ∼= F ⊗Q K:
The isomorphism between the algebras can be obtained as follows. Let K ∼= Q(√r), and write
F = K ⊕ Kj as in Section 1.1, with j2 = s and jx = Kxj. The map





is an injective Q-algebra homomorphism and identi.es F with a subalgebra of M2(K). The K-linear







and P2:=I − P1
de.ne, up to isogeny, subvarieties Bi= Im(Pi) of A and A is isogenous to B1×B2. The uniqueness of
the decomposition of A into simple factors implies that the abelian varieties B1 and B2 are isogenous
to the simple variety B. An explicit isogeny between B1 and B2 is given by j∈F . Note that for
x∈K the action of x ⊗ 1 and 1 ⊗ x, coincide on B1 but that on B2 the action of x ⊗ 1 and 1 ⊗ Kx
coincide.
5.3. Proposition. Let (A; F) be an abelian variety of quaternion type of dimension 2n; let K be a
quadratic sub9eld of F and assume that A is isogenous to B2 with B of Weil type for the 9eld K.
Then the subspace WF ⊂ H 2n(A;Q) is spanned by intersections of divisor classes.
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Proof. To determine the divisor classes in H 2(A; K) we use that (H 2(A;Q) ∩ H 1;1(A)) ⊗ C is the
subspace of the invariants of the Hodge group Hod(A)(C) in ∧2H 1(A;C):
(H 2(A;Q) ∩ H 1;1(A))⊗ C= ∧2H 1(A;C)Hod(A)(C):
Since A ∼ B2; the Hodge group Hod(A)(C) is isomorphic to Hod(B)(C); acting diagonally on
H 1(A;C) = H 1(B;C) ⊕ H 1(B;C). As B is of Weil type; Hod(B)(C) ⊂ SL(n;C) and H 1(B;C) is
isomorphic to the direct sum of the standard representation W of SL(n;C) and its dual W ∗ (cf. [9]).
The SL(n;C)-invariants in H 2(A;C) are thus also Hod(A)(C)-invariants. We have
∧2H 1(A;C) ∼= (∧2W )2 ⊕ (∧2W ∗)2 ⊕ (W ⊗W )⊕ (W ∗ ⊗W ∗)⊕ (W ⊗W ∗)4:
There are no SL(n;C)-invariants in ∧2W; ∧2W ∗; W ⊗ W and W ∗ ⊗ W ∗; but the invariants are
1-dimensional in W ⊗W ∗ (identifying this space with End(W ); these are the scalar multiples of the
identity). Thus dimH 2(A;Q) ∩ H 1;1(A)¿ 4.
Next we show that there is a 1-dimensional subspace in H 2(A;C)∩H 1;1(A) on which the sub.eld
K ⊂ F acts via x · v= x2v. Under the isogeny A ∼ B1 × B2 given by the projectors Pi, we have
H 1(B1;Q) ∼= V1:={v∈H 1(A;Q): (x ⊗ 1)v= (1⊗ x)v; ∀x∈K};
H 1(B2;Q) ∼= V2:={v∈H 1(A;Q): (x ⊗ 1)v= (1⊗ Kx)v; ∀x∈K}:
The subspaces H 1(Bi;C) = Vi ⊗ C of H 1(A;C) have an eigenspace decomposition:
Vi ⊗Q C= V+i ⊕ V−i ; (x ⊗ 1)v+i = xv+i ; (x ⊗ 1)v−i = Kxv−i ;
for all v±i ∈V±i and i=1; 2. These subspaces are subrepresentations of Hod(A)(C) (since the Hodge
group commutes with the endomorphisms) and we may identify V+1 ∼= W , V−1 ∼= W ∗ because B1 is
of Weil type. The problem is to .nd the sign for which V±2 ∼= W . Using the action of j∈F this is
easy though. Since j∈End(A) it commutes with the action of the Hodge group, also jV+1 ∼= W . As
xj = j Kx in F , we have jV+1 = V
−
2 . Therefore, V
−
2
∼= W and V+2 ∼= W ∗.
This implies that there is a 1-dimensional subspace of V+1 ⊗V+2 which is contained in H 2(A;C)∩
H 1;1(A). The action of K ⊂ F on the vector space V+1 ⊗ V+2 is via x · v= x2v, as desired.
Finally, we let c be a basis of this 1-dimensional vector space. The n-fold self-product of c is
cn ∈ ∧2n H 1(A;C) ∩ Hn;n(A). The .eld K acts on cn as x · cn = x2ncn, thus cn ∈WK ⊗ C. Since
c∈V+1 ⊗ V+2 ∼= W ⊗ W ∗ corresponds to the identity map, we have that cn ∈ ∧n V+1 ⊗ ∧nV+2 ⊂
∧2n(V+1 ⊕ V+2 ) is non-trivial and lies in WK . Hence WK is spanned by divisor classes. Since WF is
spanned by F-translates of WK , we conclude that WF is spanned by divisor classes.
6. Abelian 8-folds of spin(7) type
6.1. The general abelian 8-fold A of quaternion type has complex Hodge group Hod(A)(C) ∼=
SO(8;C) and the representation of this group on H 1(A;C) can be identi.ed; using triality; with 2
copies of a half-spin representation + of dimension 8. In the standard representation of SO(8;C)
on C8 there is an invariant quadratic form and the stabilizer of a(ny) non-isotropic vector in C8 is
a subgroup isomorphic to SO(7;C). The half-spin representation + of SO(8) restricts to the spin
representation  of spin(7) type, an 8-dimensional irreducible representation. Now it is possible to
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.nd 5-dimensional families of abelian 8-folds A whose complex Hodge group is spin(7) and its
representation on H 1(A;C) is two copies of the spin representation of spin(7) type.
We will say that an 8-dimensional abelian variety A is of spin(7) type if the Lie algebra of
Hod(A)(C) is contained in so(7) and if H 1(A;C) is isomorphic to two copies of the spin represen-
tation of so(7).
6.2. Proposition. In a 6-dimensional family of 8-folds of quaternion type there exist 5-dimen-
sional families of abelian varieties of spin(7) type. Moreover; in such a 5-dimensional family there
are 4-dimensional families of abelian varieties of Weil type.
Proof. We use the theory of Kuga–Satake varieties but alternatively one could directly use Mumford–
Tate groups. The moduli space of polarized Hodge structures of weight 2 with Hodge numbers
(1; n; 1) has dimension n and the complex Hodge group of a general such Hodge structure is SO(n+2)
[10; 4.6; 4.7]. Kuga and Satake associated to such a Hodge structure V an abelian variety JKS(V )
of dimension 2n−2 whose complex Hodge group is the universal cover Spin(n + 2) of SO(n + 2).
This abelian variety is not simple in general; one has for V general and n= 4; 5; 6; respectively
JKS(V ) ∼ B44; A4; (A+ × A−)4;
where B4 is an abelian 4-fold of Weil type [10; Theorem 9.2]; A is an abelian 8-fold of spin(7)
type and A+; A− are non-isogenous abelian varieties of quaternion type with complex Hodge group
isomorphic to SO(8). Specializing a general Hodge structure of type (1; 6; 1) to a direct sum of a
general Hodge structure of type (1; 7; 1) and a Tate Hodge structure Q(−1); the abelian varieties
A and A′ become isogenous and of spin(7) type; similarly; specializing a general Hodge structure
of type (1; 5; 1) to the one of type (1; 4; 1) and Q(−1); the Kuga–Satake variety specializes to B84
where B is of Weil type (note that Hod(B)(C) = SL(4;C)=Spin(6;C)).
6.3. The Hodge cycles Bp(A)=H 2p(A;Q)∩Hp;p(A) in codimension p on A are just the invariants
of the Hodge group Hod(A); hence;
Bp(A)⊗Q C= H 2p(A;C)Hod(A)(C) = (∧2p( ⊕ ))so(7);
where so(7) is the Lie algebra of SO(7;C). The following proposition collects the basic facts on
so(7)-representations that we will need.
6.4. Proposition. Let  be the 8-dimensional spin representation and V is the standard 7-dimen-
sional representation of so(7). Then;
∧2 = ∧2V ⊕ V; S2 = ∧3V ⊕ C
is the decomposition of ∧2 in irreducible so(7)-representations; here C is a trivial 1-dimen-
sional representation. Similarly;
∧4 ∼= ∧3V ⊕ (S2V )0 ⊕ V ⊕ C;
where S2V = (S2V )0 ⊕ 〈Q〉.
Proof. The decomposition of ∧2 can be found as in [7; Sections 19.3 and 19.4]. The decomposition
of ∧4 follows from an easy explicit calculation which shows that both sides have the same weights
and multiplicities.
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6.5. Corollary. The dimensions of the spaces of Hodge classes on A are
dim B1(A) = 1; dim B2(A) = 6:
Moreover; End(A) is 4-dimensional algebra over Q.
Proof. Note that H 2(A;C) is the so(7)-representation:
∧2( ⊕ ) = (∧2)2 ⊕ ( ⊗ ) = (∧2)3 ⊕ Sym2():
There are no so(7)-invariants in ∧2 and there is one invariant in Sym2 given by the quadratic
form Qs ∈ Sym2. Hence the Picard number of A is dim B1(A) = 1. Furthermore; dim End(A) = 4
(compute invariants in H 1(A)⊗ H 1(A)).
To determine dim B2(A), we decompose H 4(A;C) into
∧4( ⊕ ) = (∧4)2 ⊕ ((∧3)⊗ )2 ⊕ (∧2)⊗ (∧2):
Since dim(∧4)so(7) = 1 and ∧4 is a summand of (∧3) ⊗  and of (∧2) ⊗ (∧2), we .nd
dim B2(A)¿ 5. One can verify that dim(∧2 ⊗ ∧2)so(7) = 2 and dim((∧3) ⊗ )so(7) = 1, hence
dim B2(A) = 6. The program [15] may be helpful here.
6.6. Remark. One can show that dim B3(A) = 6 and dim B4(A) = 16 for an abelian 8-fold of
spin(7) type.
6.7. Since dim B1(A)=1; we have B1(A)=〈E〉 where E is a polarization of A. The following lemma
shows that if there exists an algebraic cycle on A whose class c is not in 〈∧2E〉 ⊂ B2; then B2(A)
is spanned by algebraic cycles.
6.8. Lemma. Under the action of the multiplicative group End(A)∗ of the quaternion algebra
End(A); the space B2(A) has two irreducible components; one of dimension 1 (spanned by ∧2E
where B1(A) = 〈E〉) and the other is irreducible of dimension 5 and will be denoted by B2(A)0:
B2(A) = 〈∧2E〉 ⊕ B2(A)0:
Proof. Note that (End(A)⊗C)∗ ∼= GL(2;C); compatible with the splitting H 1(A;C) =⊕. Since
the diagonal matrix h(t)=diag(t; t−1) acts as t4 on ∧4 of the .rst factor; GL(2;C) has an irreducible
5-dimensional representation in B2(A)⊗ C.
6.9. Theorem. Let A be an abelian 8-fold of spin(7) type and assume that A is isogenous to B2
where B is of Weil type for an imaginary quadratic 9eld K ⊂ F = End(A).
If B2(A) is spanned by classes of algebraic cycles, then the Weil classes WK ⊂ B2(B) are classes
of algebraic cycles.
Proof. Let EB be a polarization on B. Then
B2(B) = 〈∧2EB〉 ⊕WK
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and the eigenvalue of x∈K∗ = End(B)∗ on ∧2EB is (x Kx)2 and its eigenvalues on WK are x4 and
Kx4. In particular; the two components of an algebraic cycle class in B2(B) are again algebraic cycle
classes. To prove the theorem it thus suQces to show that the image of the composition
B2(A) ,→ H 4(A;Q) H→H 4(B1;Q)⊗ H 0(B2;Q) i
∗
1→H 4(B1;Q)
is not contained in 〈∧2E1〉 ⊂ B2(B1); here H is obtained from the KMunneth decomposition H 4(A) =
⊕Hi(B1)⊗H 4−i(B2) (note that the KMunneth components of an algebraic cycle on B1×B2 are algebraic;
use the endomorphisms (b; b′) → (nb; mb′) with n; m∈Z) and i1 :B1 → B1 × B2; b → (b; 0).
Recall that H 1(A;C) ∼= 1 ⊕ 2 with i ∼= , the spin representation for so(7), and that
dim(∧4)so(7) = 1. Let
〈F〉= ∧41 ,→ B2(A)⊗ C:
It suQces to show that F has a non-trivial component in WK ⊗ C ⊂ H 4(B1;C). As Hod(B1)(C) =
SL(4;C) representations, we have H 1(B1;C) =W1 ⊕W ∗1 and WK ⊗ C= (∧4W1)⊕ (∧4W ∗1 ).
We now indicate a somewhat subtle point: 1 does not restrict to W1⊕W ∗1 , but nevertheless, W1
is an irreducible component of the restriction of 1.
For a general A of spin(7) type, the Q-vector space H 1(A;Q) is an irreducible Hod(A)-represen-
tation. The actions of Hod(A) and F commute and extend C-linearly to the vector space H 1(A;C)=
H 1(A;Q) ⊗ C. The eigenvalues of the action of x∈K on H 1(A;Q) are ;(x) and K;(x), hence we
have the eigenspace decomposition:
H 1(A;C) ∼= V; ⊕ V K; with VE:={v∈H 1(A;C) : x · v= E(x)v}:
Since the action of K commutes with the action of Hod(A), each of these eigenspaces is a
Hod(A)(C)-representation and we will identify 1 = V;.
In case A is isogenous to B2, we get End(A) ∼= M2(K) ∼= F ⊗K and the centre K of M2(K) also
acts on A. This leads to a further decomposition
H 1(A;C) ∼= W;;; ⊕W;; K; ⊕W K;;; ⊕W K;; K;;
where with x ⊗ y∈K ⊗ K ⊂ F ⊗ K
WE;I:={v∈H 1(A;C) : (x ⊗ y) · v= E(x)I(y)v x; y∈K}:
Note that x ⊗ 1 and 1⊗ x act in the same way on both W;;; and W K;; K;, hence, with the notation of
the proof of Proposition 5.3, we have
H 1(B1;Q) =W;;; ⊕W K;; K;; V+1 =W;;;; V−1 =W K;; K;:
Note that W K;; K; is not contained in 1 = V;. Thus the so(7)-representation  restricts to the so(6) =
sl(4)-representation W ⊕W ∗ and, although this representation is isomorphic to H 1(B;C), we actually
have
H 1(B1;C) =W1 ⊕W ∗2 ; H 1(B2;C) =W ∗1 ⊕W2;
where i restricts to Wi⊕W ∗i . In any case, we have to verify that the so(7)-invariant F ∈∧4 1 has
a non-trivial component in ∧4W1.
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We use the explicit description of the spin representation given in [7]. Let Q = x27 +
∑3
i=1 xixi+3





∧i R ∼= C8:
The spin representation of so(7) is realized on S. A basis of weight vectors of S is given by
eI = ei1 ∧ : : : ∧ eik if I = {i1; : : : ; ik} ⊂ {1; 2; 3}; i1 ¡ · · ·¡ik;





∈I Lj) [7, Proof of Proposition 20.20]. Since an invariant
has weight 0, F must lie in the weight 0-subspace of ∧4 which has dimension 8.
Using the isomorphism so(7) ∼= ∧2C7, the spin representation  is realized on S by explicit
formulas (cf. [7, Lemma 20.16]), for example,
(ei ∧ e7) · eI = (−1)]I ei ∧ eI (16 i6 3)
where ]I is the cardinality of I . It is then very easy (but a bit tedious) to check that the only
element in the weight 0-subspace which is mapped to zero by the ei ∧ e7 (16 i6 3) are the scalar
multiples of:
2e∅ ∧ e{1;2} ∧ e{1;3} ∧ e{2;3} − e∅ ∧ e{3} ∧ e{1;2} ∧ e{1;2;3} + e∅ ∧ e{2} ∧ e{1;3} ∧ e{1;2;3}
− e∅ ∧ e{1} ∧ e{2;3} ∧ e{1;2;3} + e{2} ∧ e{3} ∧ e{1;2} ∧ e{1;3} − e{1} ∧ e{3} ∧ e{1;2} ∧ e{1;3}
+ e{1} ∧ e{2} ∧ e{1;3} ∧ e{2;3} + 2e{1} ∧ e{2} ∧ e{3} ∧ e{1;2;3}:
Hence this is the Spin(7)-invariant in ∧4.
The so(6)-subrepresentations in S (where so(6) acts on 〈e1; : : : ; e6〉 ⊂ C7) are
W ∼= ∧evenR; W ∗ ∼= ∧oddR:
The so(7)-invariant given above has a non-trivial component e∅∧e{1;2}∧e{1;3}∧e{2;3} ∈∧4W , hence
the theorem follows.
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